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Introduction
Due to its unique properties, helium constitutes an ideal environment for spectroscopic measurements of a broad range of different embedded dopants [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Since the pioneering vibrational spectroscopy of SF 6 attached to helium clusters [12] , the first system for which both rotationally resolved spectrum and droplet temperature were experimentally obtained [13] , helium nanodroplets have been found as perfect candidates to host atomic and molecular species to investigate. As a liquid, helium can undergo a phase transition to a superfluid state at T = 2.18 K for the 4 He isotope and T = 3 × 10 −3 K for 3 He, a property which has been widely exploited to probe the main rotational features of various systems at a low temperature regime. These optimum temperature conditions and the possibility of a frictionless matrix to embed molecular species has made superfluidity in small and nanodroplets the goal of an extense literature [5, [14] [15] [16] [17] . Calculation of effective rotational constants, definition of models assuming adiabatic following of the helium layers around the rotating dopant and the analysis of the number of He atoms participating in exchange permutation paths or the analysis of superfluid fractions have been developed as useful indicators to probe this unsual character of doped helium clusters. The interested reader can find a complete review of theoretical techniques developed to investigate superfluidity for both helium and para-H 2 clusters in Ref. [18] . One of the most investigated issues in these kinds of systems regards the position of the impurity with respect to the helium cluster. A possible way to infer this aspect consists on the comparison between the absorption or Raman spectra obtained from the doped droplet with the corresponding measurements in either the gas phase or bulk. Shifts and widths of the corresponding transitions can be good indicators of the cluster geometry and the position of the embedded species, although in some cases contradictory conclusions have been reported for the same system. Thus for example the location of SF 6 contained in clusters made of few thousand He atoms was originally supposed near the surface from infrared spectrum [12] whereas a subsequent rotationally resolved spectroscopic study concluded that the dopant was located inside the droplet [13] . Investigations on atomic impurities on helium clusters also reveals a rich variety of possibilities: While Ag gets trapped inside a solvating environment [19] , alkaline atoms (Li, Na or K) seem to be located at dimples at the surface [20] [21] [22] [23] . Predictions for alkaline earth however are in principle more uncertain. Since the observed electronic spectra for Ca [24] , Sr [24] and Ba [25] attached to helium clusters are broader blue-shifted than those reported for alkaline, the possibility of immersion or formation of inside bubbles has been suggested. The smaller shift to the blue in comparison with the spectra for the bulk helium leads to propose the location of the dopant in the region of low helium density close to the surface [4] . Mg, in turn, constitutes a frontier example between surface location and solvation [26, 27] .
Diatomic impurities such as Li 2 [28] , Cs 2 [29] or Rb 2 [30, 31] exhibit very weak binding energies to helium clusters. As a result, recent investigations have revealed the preference of these dopants to site at certain distance outside the droplet, with different possibilities for the orientation of the molecular axis with respect to it. In fact a precise description between the impurity and He is crucial for a correct characterization of the geometry of doped clusters. For the case of an atomic dopant, Ancilotto et al. [32] developed a simplistic model based on the well depth and the equilibrium internuclear distance of such interaction described by Lennard-Jones potentials. According to the value of a dimensionless parameter, with a threshold value of λ A = 1.9, predictions regarding the solvation of a specific dopant could be established. For the above mentioned cases of Mg and Ca, different conclusions were obtained for existing He-Mg [33, 34] and He-Ca [33, 35] interaction potentials, and solvation within the helium medium was discussed in each case depending on the values of the model parameter [26] . At the other extreme, van der Waals dihalogen dopants such as I 2 [36] [37] [38] , Cl 2 [39] , ICl [40] or Br 2 [41, 42] present a much stronger interaction with He, and consequently the corresponding doped systems formed with helium droplets contain the impurity embedded in the interior [36] .
The above mentioned location of the dopants outside of the helium clusters in most of the cases is one of the reasons why superfluidity has not usually been among the main goals in previous investigations on the systems treated in this review. Under these configurations the dopant has an almost negligible effect on the supefluid properties of the helium cluster. Thus, for instance, being Rb 2 at the top of a He surface in the study by Guillon et al [30] , and due to the large stochastic noise in the corresponding calculations, the study of the possible local nonsuperfluid fraction below the Rb 2 molecule introduced in the helium environment was not possible. Analogously, alkali atoms trapped in helium clusters have been only related to superfluid features within the context of quantized vortices. In particular, barely stable atoms in a dimple state on the surface becomes solvated inside the cluster in the presence of a vortex, which in essence can be understood as an excited state of a superfluid system [43] .
Besides theoretical methods to calculate the corresponding interparticle interactions [44] , different approaches have been employed to investigate both energetics and structures of the clusters. Monte Carlo (MC) [16, [45] [46] [47] [48] [49] [50] [51] [52] [53] , quantum chemistry-like [40, [54] [55] [56] [57] [58] and density functional techniques [59, 60] have been developed along the years as useful approaches to tackle the study of these systems. In particular, path integral MC (PIMC) is perhaps the most commonly used method for both pure and doped helium clusters at finite temperature [61] [62] [63] . Dynamical and structural properties of a long list of small and medium doped clusters formed with dopants such as C 6 H 6 [16] , CO 2 [64] , N 2 O [53, 65] , OCS [16, 66] or SF 6 [67, 68] have been analyzed by means of this method.
This work comprises PIMC investigations on a series of doped helium clusters performed in our group over these past years. Special emphasis is given to the potential energy surfaces (PESs) describing the interactions between the components of the species under study. Thus, the case of Ca is used to carry out a detailed comparative analysis between results obtained with two existing He-dopant interactions which lead to different energies and geometries for He N Ca. The potential energy interactions in some of the systems here considered, on the other hand, are taken from previously reported analytical functions in the literature and numerical fittings over existing ab initio energies. Finally, ionic dopants such as He * − and He clusion of diatomic species in this work allows us to present examples with a specific treatment of the impurity's internal degrees of freedom such as rotation within the PIMC framework.
The review is structured as follows: First, in Section 2 basic details about the theory of the PIMC method, relevant to the present calcul ations are shown; then numerical details and results for the He N -Ca, He N -Rb 2 , He N -He * − and He N -He * − 2 systems are given en Sections 3, 4, 5 and 6, respectively. In Section 7 final conclusions are discussed.
Theoretical Method: The PIMC approach
A full description of the PIMC method can be found in previous works [63, [69] [70] [71] so here we will only refer to the most relevant details. According to this approach the thermal average of a quantum observableÂ is obtained aŝ
where Z is the partition function, β = 1/k B T and the density matrix at a temperature T , defined as ρ(R, R ′ ; β) = R ′ |e −βĤ |R , can be replaced by the product of M density matrices at a higher-temperature T ′ = T × M as follows:
In Eq. (2) we have defined the discrete-time path as τ = β/M , the time step of the path integral. R α corresponds to the position vectors of the N particles of the system: R α ≡ r α 1 , . . . , r α N . In order to take into account the bosonic character of the N 4 He atoms, the density matrix is symmetrized by summing over all permutations P of the particle labels [69] :
Under certain circumstances, such as a sufficiently high temperature [29, 61, 63] or low coverage densities of helium over the corresponding molecular substrate [16, [72] [73] [74] [75] [76] [77] , one might discard for simplicity an explicit inclusion of the identical particle symmetry in ρ.
A general expression of the total HamiltonianĤ under the primitive approximation [78] must contain terms for the kinetic energy operatorsT and for the potential energy operatorV :Ĥ =T +V (4) whereT can be expressed as:
T X being a term due to the impurity andT He the contribution from the He atoms; m X is the mass of the impurity and m He the mass of the He atom.T X is usually neglected in case of heavy dopants which are assumed effectively as static [29, 66, 69] .V , on the other hand, comprises the potential energy of the interaction of each He atom with the impurity X and with the rest of He. The specific expression of each of these terms depends on the particular choice of coordinates between the He atoms and the impurity X. The energy of the system can be obtained by means of the thermodynamic estimator developed by Baker [79] , expressed as:
where r α i is the position vector of the i-th He atom in the α bead, means average over the MC steps and λ m = 2 /2m, with m referring either to He or the impurity as a rigid rotor. The first term in Eq. (6) refers to the classical kinetic energy multiplied by the number of beads M . The second term accounts for the quantum mechanical (QM) energy due to the spring-like interaction assumed between consecutive beads in the same ring describing a specific particle. The last term contains the potential energy V pot as specified in the last two terms of Eq. (4) averaged on M .
Another possible energy estimator is based on the virial theorem [80, 81] and can be expressed as:
where r C i = M −1 M −1 α=0 r α i defines the centroid of the M beads for the i-th particle. The first term in Eq. (7) accounts for the classical kinetic energy, the second one is a quantum correction where F α i is the force experienced by the i-particle on the α slice, defined via the gradient of the potential.
Internal degrees of freedom of the dopant, such as for example the rotation [66, 82, 83] , can be also explicitly included in the above formalism. The kinetic energy of the impurity,T X , of Eq. (5) includes then a term as:
whereL is the rotational angular momentum of the molecule and B its rotational constant. In the particular case for rigid tops applied to symmetric linear molecules the rotational propagator between the bead α and α + 1 within the rigid rotor approximation can be expressed as [66, 82, 84, 85] :
where P l is a Legendre polynomial, l the quantum number associated with the angular momentum of the impurity and Ω collects the Euler angles in the laboratory frame [66, 86] . The functional form for the rotational part in the energy estimator is written then as [82, 87] :
Depending on the system under study and the temperature for the PIMC calculations it is frequent to impose confinements to prevent evaporation of He atoms from the droplet induced by the corresponding thermal excitations. The usual procedure is to restrict the movement of the atoms inside a sphere centered at either the dopant (in case this is atomic) or, in case of more than one atom, its center of mass (CM), and additionally to limitate the interparticle distances between He atoms in order to prevent the droplet fragmentation.
In an attempt to maximize the efficiency of the PIMC calculation, the simulations are initiated from the geometries obtained by means of the classical MC (CMC) calculation performed with M = 1. These, in turn, can be the result of optimizations from the structures obtained from the exploration of the PES in search for the absolute minimum performed with an evolutive algorithm (EA) [88] . This procedure usually The calculations usually involve between 10 6 and 10 8 MC steps, with a number of beads M which varies between 50 and 500 depending on the size of the cluster under study. A Metropolis algorithm [89] is employed in internal and translational degrees of freedom, completed with either the staging method or a multilevel Metropolis method [61, 63, 90] for the latter case [91] . The average energy for each He N X system can be obtained by extrapolating τ to 0 (that is, M to ∞) following a parabolic law [29, 66, 92] .
Information regarding the structure and geometry of the corresponding clusters can also be obtained by means of the radial probability density function for the He-He distance:
and for the distance between the He and the dopant impurity X as follows:
Analogously, the angular distribution for cos γ, with γ the angle formed between two He position vectors r α i and r α j , is calculated as:
and, in the case of a diatomic impurity the corresponding to cos θ, with θ describing the angle formed between the position vector of one He atom, r α i , and the diatom axis, can be written as:
3. He N -Ca [93] , and for the He-Ca interaction, P1 potential (green) corresponds to Ref. [94] and P2 potential (blue) to Ref. [95] . See text for details.
The He-Ca interaction has been the subject of numerous theoretical studies. Most of the available potentials on the literature can be classified in two main groups: (i) models developed by means of semi empirical formulations [94, 96] and (ii) ab initio potentials [26, 35, 95, [97] [98] [99] . Properties such as the equilibrium distance and the potential well differ depending on the specific potential. In particular, comparative investigations of binding energies and structures for the He 2 Ca trimer [100, 101] by using one potential from each type [94, 95] revealed noticeable differences in the simulated infrared spectra [101] . For much larger clusters, the position of the dopant with respect to the helium droplet has motivated interesting discussions [4, 24] . The measured blue shift (∼ 70 cm −1 ) in electronic absorption spectra of Ca atoms attached to the He N cluster [24, 102] has been generally explained assuming that the impurity stays at the surface of the droplet. This feature has motivated a preference in theoretical calculations for those potentials with a weaker interaction between He and the Ca atom. The analysis of some of these interactions by means of the above mentioned Ancilotto's model [32] yields different predictions with respect to the solvation of the impurity inside the helium cluster. Thus for example, the self consistent field/configuration interaction potential of Ref. [35] yields a value of the model parameter λ A = 2.1, just slightly above the threshold value of 1.9, whereas for the potential R. Rodríguez-Cantano et al.
reported in [94] , λ A = 5.5 and therefore clearly in favour of an immersed dopant. On the contrary, weaker He-Ca interactions such as the Hartree-Fock damped dispersion potential calculated in Ref. [26] leads to λ A = 1.4 thus suggesting that the impurity may be located outside the cluster. Despite calculations employing such potentials certainly predict such location of the dopant, some intriguing aspects remain unclear. Thus despite the minimum energy configuration predicted by density functional calculations is a dimple state at the surface, the difference with respect a solvated state is less than ∼ 10 cm −1 [60] , certainly a small value in comparison with the energy associated to the absorption frequency of the calcium atoms (∼ 23, 600 − 23, 700 cm −1 ). In fact, the precise calculation of electronic excitation spectra of Ca-doped He clusters require accurate potentials for both the ground and excited electronic He-Ca potentials [35, 98, 99, 103, 104] .
One of the issues treated on the theoretical studies of these systems deals with the specific isotopic composition of the He cluster [60, 99, 102, 104] . Indications of a different geometry for the case of the trimer [100] depending on the presence of 3 He and 4 He were somehow corroborated with the behaviour observed for systems of larger sizes. In particular pure 3 He clusters completely solvate the Ca atom but with a proper combination of atoms of each isotope it is possible to see how the dopant penetrates the fermionic shell reaching the inner 4 He core. These isotopic differences were also observed in laser spectroscopic investigations of Ca in liquid helium [105] . After comparing with some other atomic impurities, Ca, on the other hand, has been suggested as the ideal dopant to detect vortices in helium clusters [106] . Figure 2 . Snapshot taken from the PIMC simulation for He N Ca, with N = 10 (left) and N = 40 (right) at T = 1 K using the He-Ca P1 potential from Ref. [94] . Beads for the dopant are in green whereas white is for He atoms.
Calculation Details
The PIMC calculations [107] at temperatures between 1 and 2 K have been performed by means of the energy estimator from Eq. (7). Spheres centered at the Ca atom with a radius of 30Å and at the CM of the He droplet with a radius of 15 A have been defined to restrict the movements of the He atoms in order to avoid their possible evaporation from the cluster. These values of the radii are relaxed to 24 and 12Å in the case of T = 1 K. The simulations were carried out using the He-He potential by Aziz and Slaman [93] and two possible He-Ca interactions: (i) the potential reported by Kleinekathöfer [94] (hereafter denoted as P1) and (ii) the potential reported by Lovallo and Klobukowski [95] (hereafter denoted as P2). These dopant-He potentials differ both in the analytical form and in their intrisic properties. The P1 potential for example corresponds to the Tang-Toennies model [108] fitted according to the numerical expression:
0 and in which the long-range term V disp is described by the dispersion series:
where the corresponding coefficients, C 6 = 46.8 E h a 6 0 , C 8 = 1835 E h a 8 0 and C 10 = 118500 E h a 10 0 are taken from Ref. [109] , and the damping functions f 2n (b ′ (r), r) are calculated as:
with b ′ (r) = b 1 + 2b 2 r, as defined in Refs. [94, 110] . The P2 potential [95] however is obtained by means of the ab initio well-tempered model core potential method. Lovallo and Klobukowski [95] used coupled-cluster level of theory with single and double excitations and a perturbational treatment of the triple excitations in the series of pair potentials between He and Group 2 elements. Present calculations were performed employing the numerical fit to ab initio points between 2Å and 16.0Å of Ref. [100] according to the expression: R. Rodríguez-Cantano et al. Differences between He-Ca P1 and P2 potentials regarding both well depth and minimum energy distances are manifested in the Figure 1 with all the interparticle interactions employed in the calculations of Ref. [107] . Thus, the P1 potential is clearly deeper than the P2 one (∼ 10 cm −1 in comparison with ∼ 3.5 cm −1 , respectively) and predicts a shorter distance between the He and Ca atoms at the equilibrium (∼ 7 A versus ∼ 8Å respectively). In addition the He-He interaction is clearly deeper than the P2 potential but shallower than the P1 He-Ca interaction. These noticeably different characteristics between the interparticle potentials under consideration are expected to yield distinct properties for the He N -Ca clusters.
Results
The energies for the He N Ca clusters with N = 10, 20, 30 and 40 at T = 1, 1.5 and 2 K obtained by means of the PIMC approach are shown in Table 1 . For each size, the energies are found to be less negative as the temperature increases, whereas at a constant value of T the addition of more He atoms makes the cluster more stable. Remarkably, for the less deep P2 potential, positive energies have been obtained for high temperatures and small clusters. The analysis of the possible stability of the systems under study has been also completed by comparing with the energies of the corresponding pure He N clusters. Boronat et al [111] reported PIMC results at certain values of temperature which indicate that: (i) He 20 displays positive energy for T ≥ 1.5 K and (ii) He 40 has an energy of -34.08 ± 3.59 cm −1 at T = 1.5 K. It is therefore possible to conclude that the PIMC calculations using the P1 potential predict stable He N Ca clusters for the sizes and temperature range under study. The situation with the P2 potential is on the contrary more subtle and the stable existence of He 40 Ca at T = 1.5 K, for example, is subject to the uncertainties of the error bar of the PIMC calculation for the pure He clusters and the use of different He-He interactions (the potential employed in the calculation of Ref. [111] corresponds to an alternative version of the potential by Aziz and collaborators reported in Ref. [112] ).
In addition, the sequence of energies as a function of T was found to correlate reasonably well following the extrapolation law a 1 + a 2 e T /a3 to results obtained at simulations. In particular snapshots for He 10 Ca (left) and He 40 Ca (right) using the P1 potential at T = 1 K shown in Figure 2 indicate that the impurity gets partially solvated as He atoms are added to the cluster. However the same number of He atoms is not capable to surround the dopant when the P2 potential is employed. As shown in Figure 3 the Ca atom occupies a dimple formed by the helium droplet for He 40 Ca (right) which in fact is already created at N = 10 (left). The apparent weakness of the He-Ca interaction yields a location of the impurity on the surface of the helium cloud, a configuration which, in case to remain for even larger sizes, would be compatible with experimental observations [24, 60, 103] .
A schematic insight of the different geometries depending on the He-Ca potential is also gained by means of the probability density functions on the pairwise distances within the clusters. Peaks in the distributions on the different internal distances shown in Figure 4 for the calculation with the P1 potential for He 40 Ca at T = 1 K R. Rodríguez-Cantano et al. can be interpreted in consistence with a partial solvation. Thus, the narrow maximum for the distance between Ca and the helium droplet CM (red line) at short values (∼ 1.5Å) corresponds to the impurity embedded into an almost spherical bubble; peaks of the bimodal structure seen for the He-Ca distributions (green line) correlates with distances to the internal cavity around the Ca atom and the outer surface of the helium droplet, and finally the broad asymmetric distribution for the distances between He atoms and its CM suggests a sufficiently extended helium droplet to possibly cover the impurity.
A similar analysis performed for the probability densities obtained with the P2 potential reveals on the contrary a geometry in which, as discussed before, the Ca sites outside the He droplet. Thus: (i) the preference for a long separation (∼ 9Å) between the Ca atom and the CM of the He cloud observed in Figure 5 , is only possible if the dopant remain outside the droplet, and (ii) the more diffused bimodal structure of the distribution along the Ca-He distance in comparison to results obtained with the P1 potential discards the location of the impurity inside the droplet closed to the CM of the helium atoms. High-spin alkali dimers have a larger survival probability within helium droplets than the singlet-states which release more energy after excitation with the subsequent detachment of the molecule from the cluster [113] . This feature explains why most of the Helium Nanodroplet Isolation (HENDI) [114] spectroscopic experiments have been performed on triplet-state alkali diatoms [115] . In particular, ground triplet-state Rb 2 attached to helium clusters has been the subject of numerous theoretical [30, 31, 116] and experimental investigations [117] [118] [119] [120] [121] [122] [123] . The dynamics of vibrational wave packets in triplet states of Rb 2 formed on helium nanodroplets was systematically investigated using femtosecond pump-probed photoionization spectroscopy [120] . The (2) 3 Π g ← a 3 Σ + u band of Rb 2 , which gets finally detached from the helium cluster upon electronic excitation, was analyzed. Transitions between low-lying triplet states and singlet states were identified. This work was subsenquently completed with the analysis of the obtained spectra by means of empirically determined effective coupling spin-orbit Hamiltonian for the corresponding potential energy curves [119, 124] . DMC and PIMC calculations have been performed on recently published PES for the He-Rb 2 ( 3 Σ + u ) system [30, 116, 125] . Authors of Ref. [116] found that the internal vibrational degree of freedom of Rb 2 could be neglected and reported a structural transition from He 2 -Rb 2 to He 3 -Rb 2 and He 4 -Rb 2 . In particular, the two He atoms of the first case were located at both sides of the diatomic dopant, being the system with N = 3 an intermediate configuration with respect to He 4 -Rb 2 in which the rare gas diatom behaves as an independent subcomplex of the He cloud. In an attempt to investigate possible previous steps in the formation of Rb 2 doped He clusters, inelastic and reactive scattering processes between Rb and He atoms have been subject of study at low temperatures [125] [126] [127] .
Calculation Details
PIMC calculations were performed for He N Rb 2 clusters, with N between 10 and 40 at T = 1 and 2 K assuming the Rb 2 as a linear rigid rotor [82] with an interparticle and forx(0) andx(π/2) areÅ. distance between the Rb atoms of 6.35Å. The simulations were performed under constraints for the movements of the He atoms in order to avoid their evaporation. In particular they are confined inside a sphere of radius 30Å centered at the CM of Rb 2 and can not exceed a maximum distance of 15Å away from the CM of the helium droplet. For the rotational analysis a value of 9.8 × 10 −3 cm −1 [82, 116] was taken for the Rb 2 rotational constant B in Eq. (8).
The He-He interaction was described according to the Aziz and Slaman potential [93] , whereas for the interaction between the He atom and Rb 2 the analytical fit of ab initio points as reported in Ref. [116] was employed. Such a potential, shown in Figure 6 , corresponds in essence to the sum of two angle-dependent Lennard-Jones interactions as:
where R i is the distance between He and the i-th Rb atom, and each potential can be expressed as 
with d(θ) andx(θ) being the well depth and equilibrium distance at a fixed value of the orientation θ. Assuming a dependence for such coefficients on the angle θ as:
and by means of fittings to the ab initio points for the linear and perpendicular geometries, the values for the corresponding parameters shown in Table 2 are obtained.
The minimum of the PES shown in Figure 6 is located close to θ ∼ 90 • , thus suggesting that the equilibrium geometry of the Rb 2 -doped helium clusters should correspond to a T-shape arrangement. In fact, that is exactly what an EA optimization calculations predicts. According to this classical approach, the low energy configuration for the cluster with N = 20 He atoms, shown in Figure 7 has the helium clusters localized away from the diatomic dopant around the perpendicular direction with respect ot the Rb-Rb molecular axis. EA estimates yield values of -582.66 cm −1 for He 20 Rb 2 and -1321.06 cm −1 for He 40 Rb 2 for the lowest classical potential energy levels. As dicussed in the Introduction section, these optimised configurations, after refinements performed with the CMC to account for thermal effects, are taken as the initial geometries for the PIMC simulations.
Results
The rotation and translation of the molecular species introduces variations in the energies of the droplets in comparison with the values obtained when the mass of the Rb 2 has been considered large enough to neglect its kinetic contribution [116] . PIMC calculations under the assumption that the diatomic dopant is free to move and rotate, as explained in Eqs. (8)-(10), yield less negative energies. Thus, for the case of He 20 Rb 2 at T = 1 K, a value of E rot−tra = −10.32 cm −1 is obtained in comparison with E fix = −15.08 cm −1 . This difference of about ∼ 5 cm −1 between both energies becomes larger when either the temperature or the number of He atoms is increased. For example, for N = 40 the PIMC energies at the same temperature are E rot−tra = −50.52 cm −1 and E fix = −62.86 cm −1 , whereas at T = 2 K, these values become -0.37 and -15.54 cm −1 , respectively. This kind of comparison has been also previously established for systems such as He N -OCS [128] . The analysis of the rotational dynamics of the Rb 2 on a helium surface [30] reveals that the in-plane rotation is weakly perturbated by the environment whereas the out-plane contribution is hindered with the only possibility of a pendular movement. In this sense, the presently reviewed PIMC investigation for helium droplets [82] concluded that at T = 1 K, the total rotational energy, 1.2 cm −1 , for both He 20 -Rb 2 and He 40 -Rb 2 is the result of 0.7 cm −1 in-plane rotation and 0.5 cm −1 of out-plane rotation. However, as the temperature increases up to T = 2 K, most of the rotation is due to the in-plane contribution thus suggesting a negligible effect coming from the helium environment.
The effect of including the rotational degree of freedom of the dopant can be also analyzed through the corresponding probability density functions. In particular indicate that the distance of the He droplet with respect to the dopant, represented at the bottom of the figure with the two Rb atoms separated about 6.4Å increases when the diatomic impurity is free to rotate. In addition the helium atoms seem to occupy a more delocalised region, thus suggesting that they actually feel the internal excitation of the Rb 2 moiety in spite of the existing separation.
Energies for the doped clusters with a fixed and rotationless Rb 2 impurity are shown in Fig. 9 for N = 20 and 40 as a function of the temperature. As expected the clusters become less stable as the temperature increases but the addition of He atoms results in stability for the whole system. The stability of the doped clusters however is usually tested by direct comparison with the corresponding energies for the pure He N systems. Figure 9 shows energies for both He N Rb 2 and He N , with N = 20 and 40, at temperatures between T = 1 and 2 K. From the dependence with the temperature observed in the figure, it is clear that the smallest cluster is not stable beyond 1.5 K, and the addition of the Rb 2 does not improve the situation. Energies for doped and pure clusters are very close in this system, thus suggesting that for a small number of He atoms, the former is hardly bound. The situation seems to be more favourable for stable bound states for the He 40 Rb 2 system. Values of the energy as T increases remain sufficiently below the corresponding energies for the pure He 40 cluster to guarantee the stability of the doped clusters. In fact, at T = 2 K the impurity is capable to make the whole system bound, something that does not happen in the absence of Rb 2 .
Precise information regarding the structure of the clusters is obtained by analysis of the corresponding probability density functions. In particular, Figure 10 shows the angular distributions for the N = 10 and N = 40 cases. As indicated in the schematic diagram included in the figure, peaks around cos γ ∼ 1 in combination with the observed distribution on cos θ, suggests the formation of a compact helium aggregate at a T-shaped configuration with respect to the Rb 2 diatom axis. The slight variations on the value of the angle as more He atoms are added to the clusters, as R. Rodríguez-Cantano et al.
manifested by the comparison between the He 10 Rb 2 and He 40 Rb 2 systems in Figure  10 , simply correspond to the larger volume occupied by the cluster as its size increases. A remarkable effect observed when more He atoms are added can be seen in Figure  11 where the pair correlation functions for He N Rb 2 , with N from 10 to 40 is compared with the result found for the pure bulk helium at T = 1 K [129] . Such a comparison reveals that part of the structure of the experimental function can be reproduced as N increases. If the main peak at R He−He ∼ 4.9Å is already found even for the lowest cluster, He 10 Rb 2 , the addition of He yields to a much more defined peak and the development of a secondary maximum of the simulated distribution around ∼ 7 A resembling the experimental data. A similar comparison between MC results for small doped clusters and experimental pair distributions was also established for He N Cs 2 [130] . The equilibrium geometry which leaves Rb 2 outside the He droplet favours that some features associated to pure helium could be at least suggested in the doped cluster. The remarkable thing, in addition, is to find indications of this typically liquid behaviour in finite size droplets with less than hundred He atoms. Atomic He anions, besides free electrons, play a fundamental role as charge carriers in a superfluid-like environment. Insights regarding the formation of such ions were inferred via crossed beam scattering experiments with supercritical liquid free jet expansions [131] . Preliminary theories suggesting the direct interaction of electrons with neutral He droplets as the main source to produce these ionic species were soon substituted by a process mediated by electronic excitation to metastable states [131] [132] [133] . In fact the most likely production mechanism consists of two steps:
where He * is He(1s2s 3 P ), the first excited state of He, formed with an incident electron with sufficient kinetic energy to account for both the required penetration energy (1.2 eV) [134] and the excitation energy of 19.8 eV from the ground state. The atomic He anion, He * − , is formed after the encounter of the separate bubbles within the He clusters which contain the resulting zero kinetic energy electron and He * as written in Eq. (24) [132, [135] [136] [137] . The first detection of He * − as a fast ion in bulk helium was reported in Refs. [138, 139] .
Calculation Details
The PIMC calculations [140] were performed at T = 0.4 K using the thermodynamic energy estimator given by Eq. (6). The sampling procedure for the multislice manyparticle movements is the multilevel Metropolis method [61, 63, 90] , with M = 8 beads involved in each MC step. Up to a total of 4 He atoms are allowed to take part in the exchange permutation sampling employed to include the bosonic symmetry; a value tested for both pure and doped helium clusters [63, 141] . Given the low temperature considered in the PIMC calculations, large thermal excitation is not expected so no confining limitation to the movement of the He atoms was imposed. (25) to the ab initio points of Ref. [135] . The inset shows the region of the secondary minimum amplified.
The He-He interaction has been described by means of the potential reported by Aziz and Slaman [93] and for the potential between the atomic ion He * − and the Table 3 . Parameters for the interaction potential V He-He * − (r) between the He atoms and He * − (See Eqs. (25)- (30)). He atoms a numerical fit to the ab initio points calculated by Huber and Mauracher [135] has been performed according to the following expression:
where c 4 = −13, 683.2521Å −4 cm −1 and
where
with
In the above Equations (25)- (28), we have defined:
with values for the corresponding parameters given in Table 3 . The potential, shown in Figure 12 , exhibits a well of about ∼ 17, 000 cm −1 deep with the minimum located at r = 1.06Å(region I). The numerical fit also includes the description of a barrier around ∼ 2.2Å, (region II), which leads to a much narrower minimum (∼ 3.8 cm −1 ) (region III) than the one in region I. This well, located at r ∼ 7Å, similar to some other He-impurity potentials, preceeds to the asymptotic regime (region IV).
Results
The preliminar inspection of the equilibrium configurations for the different He NHe * − clusters by means of the EA reveals that the impurity is surrounded by the He atoms as N increases which form a bypiramid of six atoms around it. As shown in Figure 13 , additional atoms are located at further distances away from this central structure. The corresponding energies for these droplets also manifest the formation of this specific core, with larger contributions to the total energy coming from the atoms in the bypiramid. Table 4 presents EA predictions for the potential minima in comparison with the PIMC and CMC results at T = 0.4 K. A similar trend is observed for E PIMC , E CMC and E EA with noticeable differences between the energies for consecutive He N −1 -He * − and He N -He * − clusters when the He atoms occupy the position associated with the deep He-impurity potential minimum up to N = 6. Beyond this point a sudden stabilization occurs as the size of the system increases. Once the bypiramid is formed the only accessible minima for the remaining helium atoms are those corresponding to the narrower well around r He−X ∼ 7Å and the existing one for the He-He interaction at r He−He ∼ 2.97Å.
The comparison in Table 4 of the EA and CMC energies reveals the role played by possible thermal effects on the system. Given the good agreement between both sets of results one may conclude that the temperature considered in the present study, T = 0.4 K, is certainly not large enough to introduce significant thermal excitation into the system. E EA remains in general below the E CMC values, but the uncertainties on the accuracy of the EA to explore equilibrium configurations when the deep potential well has been already occupied and the shallow secondary HeHe * − potential minimum is the only stable option for the He atoms, may question the actual predictions of the method. Differences with respect to the PIMC energies on the other hand can be attributed mainly to QM effects. Values of E PIMC for N 8 seem to be somehow affected by the He-He interaction: thus, despite the actual error bars, the energy for the He 8 -He * − cluster could be in principle understood as the combination of the bipyramid structure He 6 He * − plus an external He 2 unit with the energy of the He-He equilibrium distance. Figure 14 . PIMC probability densities for the He-He * − (black) and He-He (red) distances for the He 6 -He * − system at T = 0.4 K according to Eqs. (11) and (12) . The bipyramid structure with the corresponding interparticle distances is included as inset.
The central structure formed by the impurity at the center of a bipyramid solvated by six He atoms can be characterized by means of the PIMC density probabilities for both the He-He and He-He * − distances, shown in Figure 14 . Maximum peaks of the densities can be correlated with the interparticle distances in the equilibrium configuration predicted by the EA: thus the maximum at r He−He * − ∼ 1.2Å for D (6) X (r) corresponds to the distances between the dopant and the He atoms of the vertices of the bipyramid, whereas for the D (6) He (r) distribution, the main maximum at r He−He ∼ 1.7Å describes the distance between He atoms placed in the central structure. The secondary maximum at r He−He * − ∼ 2.4Å describe the two pairs of opposed He atoms with the impurity in between in the square basis of the bipyramid.
The presence of this central rigid structure for larger clusters is manifested in the comparative analysis of the angular distributions. Figure 15 shows the γ density probabilities for the N = 6 and N = 32 cases. D (6) γ exhibits two clear peaks at cos γ ∼ 0 and cos γ ∼ −1, corresponding to the two only possible angles formed by two He position vectors in the bipyramid: respectively, 90 • for pairs of consecutive helium atoms and 180 • for those separated by the He * − impurity. This angular pattern remains in the distribution for D (32) γ (see Figure 15 ) which displays clear signatures of these two peaks besides a broad increasing background probability as cos γ changes from -1 to 1, which comes from the rest of He atoms. According to Ref. [135] , the potential minimum of the He * − -He system has the structure of a He + 2 core besides a diffuse electronic shell due to the two electrons occupying σ and π orbitals. Thus, the inner solvating cage seems to be formed by an ensemble of He + cations which share an electronic cloud. This "chemical bound" configuration found for short distances becomes however a "polarisation-bound" structure as the distance increases beyond the potential barrier exhibited by the He * − -He potential around ∼ 2.5Å. Additional He atoms feel a much weaker potential due to the screening induced by the presence of the inner core of six atoms surrounding the R. Rodríguez-Cantano et al.
impurity and move further out to the shallower secondary potential minimum located at ∼ 7 − 8Å. The stable and rigid helium structure of inner He atoms around the atomic anion could be interpreted as consistent with the previously suggested heliophilic character for He * − [132] . However, the dopant inside the central cage is not completely solvated but placed inside a broad dimple. The snapshot in Figure 16 corresponds to the PIMC simulation for the cluster with N = 32 at T = 0.4 K with M = 100 beads and shows how the remaining twenty-six atoms leave the He * − unit unconvered. One explanation for the distance between the solvating He atoms and those fixed in the central structure can be found in the competition of the He-He and He-Impurity interactions. According to the first one, the separation between these two types of helium atoms should be, as in the bipyramid, ∼ 2.9Å, the equilibrium distance for such an interaction. However that would mean the outer atoms to locate ∼ 4.5Å away from the He * − dopant, somehting, in principle, forbidden by the presence of the barrier separating both the deep inner well and the shallow one at larger distances. Whether or not the addition of a noticeably larger number of He atoms would yield the formation of bubble structures surrounding the He 6 -He * − core remains an open question.
Differences between the environment felt by the He atoms depending on their precise location inside the droplet are manifested by the analysis of permutation paths when the exchange symmetry is properly taken into account in Equation (3) . Those atoms in the vertices of the bipyramid are expected to display a rigid localization with almost no freedom to move and the corresponding path in the PIMC simulation looks in essence like one corresponding to an unique bead. External He atoms on the contrary will be more delocalized and could take part in exchange PIMC paths. This green is for two He atoms, red is for three atoms and blue for five.
effect is more noticeable as N increases as revealed in the comparison shown in Figure  17 between the situation for He 8 -He * − and He 16 -He * − . For the smallest cluster, paths for the two He atoms outside the central bipyramid do not mix thus indicating that they do not participate in exchange permutations. The 10 atoms surrounding the He 6 -He * − unit on the contrary are involved in permutation paths of different lenghts. In particular, for the PIMC calculation here performed at T = 0.4 K, paths of 2, 3 and 5 He atoms have been observed. As previously investigated for other systems, such as He clusters doped with SF 6 , permutation movements in long paths becomes more likely as the size of the droplet increases: Thus, whereas for He 23 -SF 6 PIMC calculations found about 7 He atoms exchanged in different chains, the number increases up to 59 for N = 128 [46] . In addition exchange effects were found relevant for He 29 -SF 6 [69] at low temperatures such as T = 0.625 K, but almost non-existing at T = 1.25 K. There are not definitive conclusions regarding the precise pathway followed to form the molecular anion He * − 2 , that is, He 2 (1σ 2 g 1σ u 2σ g 1 π 4 4 Π g ). The low temperature regime within the helium clusters prevents the dimerization of a ground state He atom and either He * or He * − , so the process needs to be initiated from an excited state of helium. The candidates are He(1s2p 3 P ) and He(1s3p 3 P ) [132] , with excitation energies which, summed to the required penetration energy from the incident electron, yields formation energies for He * − 2 of 22.1 eV and 24.2 eV respectively [132, 133] . As opposed to the behaviour observed for the atomic anion discussed in Section 5, the molecular anion exhibits features of a heliophobic character which leads to its migration to the surface of the embedding helium droplet [132] . This trend excludes this species of the ionization process of impurities inside a helium enviroment due to the difficulties found for He * − 2 to move through the surrounding He atoms to interact with the corresponding dopant [135] . Authors of Ref. [135] reported ab initio energies for the He( 1 S)-He * − 2 ( 4 Π g ) interaction, calculated for different interparticle distances and angular orientations, while keeping the interparticle distance of He * − 2 at its equilibrium value of ∼ 1.2Å. • , where θ is the angle between each He atom and the CM of the He * − 2 impurity. Points are ab initio results from Ref. [135] and lines correspond to the numerical fitting. Units of energy are cm −1 and distances are measured inÅ.
Calculation Details
The potential function describing the interaction between the He atoms and the He * − 2 anion depends both on the distance r He−X and on the angle θ formed between the position vector of the He atom and the bond direction of the diatomic impurity: where a cutoff value of r 0 = 6Å has been chosen and
where C 4 = 11363.2878Å −4 cm −1 . The values for the corresponding parameters in the expansion of Eq. (32) are shown in Table 5 . The interparticle distance within the He * − 2 unit is assumed to correspond to the He-He * potential minimum equilibrium, ∼ 1.2Å(see Fig. 12 ).
The ab initio points obtained in Ref. [135] for three different values of the θ angle and the corresponding analytical fitting according to Eq. (31) can be seen in Figure  18 . As opposed to other systems such as He N -Rb 2 [30, 116] and He N -Cs 2 [29, 142] , the interaction between He and He * − 2 finds its most stable configuration in a linear structure along the diatom axis, θ ∼ 0 • . In addition, other angular directions do not exhibit sufficiently deep potential wells to offer really stable alternative configurations for the He atoms added to the impurity. Despite the He-He * − 2 potential interaction supports at least one bound state for each possible θ direction (see Fig. 18 )), the corresponding binding energies are quite small.
Results
The values of the energies, in cm −1 , for some He N -He * − 2 clusters obtained by means of the PIMC method at T = 0.4 K [140] are shown in Table 6 in comparison with the estimates from the classical EA approach. This algorithm predicts energies which are strongly influenced by the He-He interaction, with a potential minimum about 4 times deeper than the equilibrium geometry of the He-X interaction. In fact the values of E (N ) EA for N = 6, 8 and 10 can be roughly approximated taking into account a certain number of He-He pairs (12, 19 and 26 respectively) separated by their equilibrium interparticle distance ∼ 3Å. In all cases, the remaining He atoms are located at larger distances (∼ 4.8Å).
Whereas the comparison between EA and CMC results at T = 0.4 K (not shown here) reveals differences which do not exceed 3 cm −1 [140] , thus suggesting that thermal effects are not relevant, the PIMC method yields significantly weaker binding energies for the He N -He * − 2 clusters. In order to obtain some insight regarding the stability of such systems we have performed a comparison with the corresponding pure Helium clusters, He N , with values obtained by means of different MC approaches R. Rodríguez-Cantano et al. as reported in Ref. [143] . Despite the T = 0 K character of these results and the fact that a slightly different He-He interaction potential was employed for the variational MC (VMC) and DMC calculations, the comparison shown in Table 6 reveals that the presence of the diatomic anion allows binding energies (obtained as differences between the DMC energies for the pure He N clusters and the PIMC values for the corresponding doped systems) between 0.5 and ∼ 2 cm −1 for the clusters under study. The snapshot taken from the PIMC simulation performed for the He 8 -He * − 2 cluster (see Fig. 19 ) indicates the preference of the impurity to remain outside the aggregate formed by the He atoms along the linear direction of the internal He * − 2 molecular axis, as expected according to the He-X potential shown in Fig. 18 . This configuration in which the diatomic anion is far to be embedded inside the cloud of solvating He atoms is also consistent with the previously reported heliophobic character of such dopant [132] , which is supposed to migrate to the surface of the helium droplet. The analysis of the angular density probabilities leads to similar conclusions regarding the geometry of the cluster. Thus inspection of distributions for cos γ and cos θ (see Eqs. (13) and (14) in previous sections) in the case of N = 8 shown in Figure 20 reveals peaks for D 8 (cos γ) and D 8 (cos θ) close to 1. In particular, γ ∼ 0 • corresponds to short distances among the He atoms, an indication of an external He droplet, and θ ∼ 0 • is consistent with the alignment of this helium cloud along the He * − 2 diatom axis. The maxima of the probability densities for the different internal distances within the cluster shown in Figure 21 , on the other hand, are consistent with a dopant located at far distances with respect to the solvating He droplet. That is in fact the possible explanation for the maximum of ∼ 12.5Å found for D 8 (r He−He * − 2 ). This value exceeds to the average separation predicted by the EA method, which suggests the role of QM effects and certain independence of the PIMC calculation with respect to the potential energy minima. D 8 (r He−He CM ) shows that the He atoms are located uniformly around the CM of the He N structure with a maximum peak which in fact R. Rodríguez-Cantano et al.
is not far from the equilibrium distance of the V He−He potential, much smaller than the observed He-He distance in D 8 (r He−He ) in Figure 21 . 
Conclusions
Doped helium clusters have been the subject of numerous studies over the years. In this work we have reviewed PIMC investigations on He clusters doped with Ca, Rb 2 , He * − and He * − 2 performed by our group. A detailed analysis of both geometries and energies of clusters formed with these dopants attached to droplets of up to 40 He atoms is presented. The variety of chosen impurities, both neutral and ionic species and, atomic and diatomic systems, offers the possibility to tackle different issues of interest. The specific characteristics of the interaction potentials, which in some of the cases are derived from analytical fittings to ab initio quantum calculated energies, are correlated with intrisic properties such as energetics, geometries and the precise position of the impurity with respect to the helium droplet. The application of the PIMC approach with the explicit inclusion of internal degrees of freedom of the dopant is discussed for the case of Rb 2 . In addition, exchange permutation symmetry for the He atoms is taken into account for the He * − impurity, whose mobility within the helium environment is assumed to play a key role in ionization processes inside this kind of clusters. The effect of the dopant on the superfluidity of the droplet has not been investigated here because in most of the cases considered in this review the impurity is usually located outside the helium cluster with little influence on it.
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